Our bounds are proved by cutting a Voronoi polyhedron into cones, one for each of its faces. A lower bound is established on the volume of each cone as a function of its solid angle. Convexity arguments then show that the sum of all the cone volume bounds is minimized when there are 13 faces each of solid angle 47~/13.
Introduction
The density of a sphere packing in a space is the percentage of the volume of the space that lies inside the spheres. For spaces of infinite volume the density is defined as a limit of the densities associated with a set of nested, convex, finite subsets whose union is the entire space. In three-dimensional Euclidean space the vertices of the face-centered cubic lattice can be used to define the cannonball packing, a packing of nonoverlapping unit spheres whose density is rt/V/~ ~ 0.7404 .... This packing was known to Kepler, who conjectured that it was the best possible.
Over the years a number of upper bounds on the density of nonoverlapping packings of unit spheres in three dimensions have been established, most recently 0.7796 by Rogers [6] , 0.77844 by Lindsey [3] , and 0.77836 by Muder [5] . Since [5] , Lindsey [4-] has announced a bound of 0.7736 and Hsiang [2] has claimed to have proved Kepler's conjecture. As of this writing, the status of these claims is unresolved. A good general reference on sphere packings and what is known about them is [1] .
Each sphere in a packing has a Voronoi polyhedron associated with it. This is 352 D.J. Muder the set of points in the space that lie closer to the center of that sphere than to the center of any of the other spheres. The Voronoi polyhedra decompose the space, and if the spheres are nonoverlapping each polyhedron contains its associated sphere. By convention, the "center" of a Voronoi polyhedron is the center of its associated sphere. The ratio of the volume of a sphere to the volume of its Voronoi polyhedron is a local measure of density, and it is well known that any upper bound on the local densities in a sphere packing is also an upper bound on the density of the packing as a whole. In this paper we prove The proof of our theorem is easy to describe: For each face ~-of a Voronoi polyhedron with center A, construct the cone with base ~" and apex A. The sum of the volumes of these facecones is the volume of the polyhedron, and the sum of their solid angles at A is 4re. We find a function fl($) such that any of the facecones whose solid angle is ~ has volume at least fl($). We then use convexity arguments to show that the sum ~ fl($i) is minimized subject to the constraint $i = 4rt when there are 13 identical ~ all equal to 4n/13. This minimum is then our bound.
Structure of the Proof
Our proof has three major steps, summarized by Propositions A, B, and C. In this section we state these propositions and show how the theorem is proved from them. Sections 3, 4, and 5 prove these propositions based on Technical Lemmas TL1-TL8 proved in Section 6.
We get our bounds on the volumes of facecones by comparing them with right circular cones and shaved right circular cones of the same solid angle. First let us describe these objects. A right circular cone (RCC) is a cone whose base is a disk and whose apex lies on a ray which is perpendicular to the plane of the disk and originates at the center of the disk. The distance from the apex to the center of the disk is the height of the RCC and its radius is the radius of the disk. Consider a disk of center M and a set of chords of its boundary circle. The shaved circle defined by the chords is the set of all points P of the disk such that the segment MP does not intersect the chords. (Equivalently, it can be thought of as the intersection of the disk with a polygon.) The number of chords is the order of the shaved circle. We say that the shaved circle is vertex-free if the defining chords do not intersect. It is regular of order n if it is defined by n nonintersecting chords of the same length. A shaved right circular cone (SRCC) is a cone whose base is a shaved circle and whose apex lies on a ray which is perpendicular to the plane of the disk and originates at the center of the disk. Its height is defined in the same way as that of an RCC. An SRCC has the same order as its base and is regular or vertex-free if its base is. The distance from center of the disk to the nearest chord is called the inner radius of the SRCC, and the radius of the disk is called the outer radius. An RCC can be thought of as a regular SRCC of any order with inner and outer radii equal.
The definition of an SRCC is motivated by the following considerations: In [5] it was shown that the most efficient faces for constructing Voronoi polyhedra of small volume are regular pentagons. (An ideally efficient face would be circular, have a small radius, and be as close to the center of the polyhedron as possible. The pentagonal faces of [1] [2] [3] [4] [5] are the nearest possible approximation of this.) Faces of six or more sides are difficult to handle analytically, but are less efficient than pentagons because at most five edges of a face of a Voronoi polyhedron can be close to its center. In this paper we analyze facecones by replacing them with SRCCs of the same solid angle but less volume. Our construction process allows us to make do with SRCCs of order at most five, since at most five edges of the original face fall within the outer radius of the SRCC. In this way many of the difficulties of [5] are avoided.
Facecones are replaced by SRCCs of four basic types, depending on the solid angle of the facecone. We partition the interval [0, 2n) of possible solid angles by 0 < ~1 < ff~2 < ~3 *(2~, This partitioning seems unintuitive, but is based on simple geometric considerations. There are three easily bounded constants associated with each face: its height, the distance from the polyhedron's center to the face's nearest edge, and the distance from the polyhedron's center to the face's nearest vertex. These give us the height, inner radius, and outer radius of our SRCCs. Every facecone must have height h > 1, and facecones of small solid angle are possible only for larger heights, with arbitrarily~ small solid angles possible only for h > x~. In our SRCC constrUction process, g'2 is the smallest solid angle that occurs with h = 1. (This is what causes the convexity of fl($) to change at 62, making this the most efficient solid angle for an SRCC. The solid angle 4n/13 appears in the theorem because this is the smallest unit fraction of 4n that is greater than 62.) Our bounds on the distances of edges and vertices become equal at h = 2/x/~, corresponding to an RCC of solid angle 61-For solid angles greater than ~2, our bounding SRCCs have height 1, outer radius l/x/2, and an inner radius that increases with solid angle. Inner and outer radii become equal at 63, the solid angle of an RCC of height 1 and radius l/x//2.
This replacing of facecones with SRCCs is given by [6,, 621 ; As might be imagined from its description above, fl(~k) is rather difficult to work with. In Proposition B we bound fl(ff) below with a function L(~k) which is linear except in the critical region between ~2 and ~3, where exactness is important. Numerical evidence for Proposition B is given in Fig. 2 .
for ~s e [~3, 2x).
Then fl(~k) >_ L(~k) for all ~k ~ r0, 27z).
The problem is now a purely analytic one which is handled by Proof of the Theorem. Let ~ be a Voronoi polyhedron defined by a packing of unit spheres. Suppose it has N faces, and that the facecones have solid angles qJl, ..., qJu. By Proposition A' we know that the volume of U is at least ~i~ 1 fl(qJl). Now Propositions B, C, and the definition of L allow us to conclude
Proof of Proposition A
The proof of Proposition A has three main steps, corresponding to Propositions A 1, A2, and A3. In this section we prove these propositions in terms of the technical lemmas (which are found in Section 6) and show how they are used to prove Proposition A. If ~ is a planar region and A is a point out of the plane, then let ~A(~) be the cone with base ~ and apex A. In situations where ~ is a region in the plane of a face of a Voronoi polyhedron and A is the center of the polyhedron, we simplify the notation and write ~(~).
If 6 r and 6g' are shaved circles in the same plane, with a common center M, and A is a point on the line perpendicular to the plane at M, we say that the SRCC C~A(Se ) is replaceable by (~tYa(,~/~t) if cgA(Se ) and CgA(Sa') have the same apex solid angle and VOI(~A(Se)) > vol(C~A(,JP')). The replacement process is guided by a simple intuition (expressed rigorously in TL3): In order for a cone to have a small volume in comparison with its apex solid angle, the height h should be small and the area of the base should be concentrated around the foot of the perpendicular from the apex to the plane of the base. This motivates the process of constructing an SRCC to replace a given facecone ~(~'). We begin by drawing a circle of radius ~/~ -h ~ around the foot M of the perpendicular from the apex. This radius is small enough to ensure that all vertices and all but five edges of lie outside the circle. The intersection of the corresponding disk with o~ is a shaved circle and defines an SRCC. We account for the solid angle outside the circle by increasing the inner radius of the SRCC, effectively moving area from outside the circle to inside the circle, thereby improving the concentration of area around M. If the inner radius reaches the outer radius without accounting for all of the solid angle, we expand both, creating an RCC of radius greater than V/~-h 2. Of all the SRCCs that can be constructed in this way from facecones of a given solid angle, we then choose the one of minimum height, which also turns out to be the one of minimum volume. (1) an RCC of height he I-2/x//3, rain(h, x/~)] and radius (2 -h2 )/x/4 -~2; or (2) an RCC of height 2/x/~ and radius R > 1/v/6. Proof. Let ~ be a circle in the plane of ~@, with center M and radius R such that r and ~g(~-) have the same solid angle. It follows that cg(~-_ ~) and ~g(~ -~) have the same solid angle, which we denote ~o. However, all points of ~--~ are at least p = x/~ + h 2 from A, while all points of ~ -o~-are at most p from A. Therefore TL3 allows us to deduce
Proposition A1, Any facecone cg(~) of heioht h > 2/~-3 is replaceable by either
=0.
So we see that c~(~@) is replaceable by ~(~). 
As h decreases so does R/,, but 9(h) increases. Therefore either there is some /~ e [2/x//3, min(x/~, h)) such that R~ = 9(h), or R2/~/3 > 9(2/x//-3) = 1/x/~. In the first case we replace ~(~) with RCC(h) and in the second with RCC(2/x/~). Proof. Let ~ be the circle of radius x/~ -h2 about M in the plane of ~. If the solid angle of cg(~) is greater than that of ~, then we can replace ~g(~') with an RCC of height h and radius greater than x/~ -h~ as in the proof of Proposition A1. Otherwise, consider ~ c~ ~-. By TL5, this is a shaved circle with at most five chords, one for each edge of ~ that lies within x/~ of A. By TL4, none of the vertices of ~-lies inside ~, so ~ n ~" is vertex-free. We can construct a vertex-free order-5 SRCC containing ~ n ~-by shrinking the chords of~ n ~-, i.e., by pulling the edges of ~-away from M. In this way we can construct a vertex-free order-5 SRCC c~(6e) of radius x/~ -h2 such that 6: contains ~ n ~-and c~(6:) has the same solid angle as ~..
As in the proof of Proposition A1, ~,~ -6: lies outside the circle ~ while 6: -lies inside, so c~(,ga) has less volume than ~(~-). It follows easily from TL4 that 3 e contains a circle of radius (2-hZ)/x/4-h 2 about M, so 6: satisfies all the requirements of the proposition other than regularity.
The volume and solid angle of an SRCC of a given height and radius are determined by the number and length of the chords, not by their relative locations. So we may assume that the chords of 6e are positioned so that the angles between them are equal. There is a unique inner radius r > (2 -h2)/~//4-h 2 such that the regular order-5 SRCC 69 of height h, outer radius x/~ -h2, and inner radius r has the same solid angle as :6:(6:). We may assume that the chords of 69 are positioned so as to be parallel to the chords of ~. Now 69 -6: and 6: -69 are each unions of infinitesimal chordal bands like those described in TL6. The bands of 69 -60 all have distance at most r from M while those of 6: -69 have distance at least r from M. Therefore TL6 implies that ~(69 -6:) has less volume than <r e -69).
[] TL7 establishes that <g(/]) has solid angle at least that of <g (5:), and that the volume-to-solid-angle ratio of <g(/]) is at most that of <g (5:). Construct an SRCC c~(/]) by reducing the inner radius of oK(/]) until the solid angle is equal to that of c~(~). By TL8 this lowers the volume-to-solid-angle ratio even further, so that the volume of ~(/]) is no greater than that of cg(S:).
If the inner radius of ~ (1) is greater than 1/x/~, then we use this SRCC to replace oK(5:) and arrive at conclusion (2). If not, then there is some h e [1, h] such that the inner radius of Cg(h) is exactly (2 -h2)/x/~ -/]2. Using this SRCC to replace ~(S:) gives us conclusion (1) .
[]
Proof of Proposition A.
Consider a facecone of height h > 2/V/3. By Proposition A1 we see that either it can be replaced by an SRCC described in (1) of Proposition A, or by an RCC of height 2/x/~ and radius R > l/x//6. In the latter case we can describe the RCC as a regular, vertex-free, order-5 SRCC with inner and outer radius equal and both greater than 1/x/~. This allows us to apply Proposition A3. The three possibilities of Proposition A3 correspond to (2)- (4) of Proposition A. So Proposition A holds for all facecones of height at least 2/x/3. For facecones of height h < 2/x/~, we can apply Proposition A2. Again an RCC can be described as a regular, vertex-free order-5 SRCC with equal inner and outer radii. Thus either possibility in Proposition A2 allows us to apply Proposition A3. We conclude as in the previous case.
Proof of Proposition B
A function that is convex down in an interval can be bounded below by the linear function that agrees with it at the endpoints of the interval. A function that is convex up on an interval can be bounded below by a linear function that agrees with it at the left endpoint and has slope equal to its derivative at the left endpoint. 
The function fl(~k) is convex down on (~kl, ~k2).

Proposition B2.
Proof Let 7(h) = n-5 arctan( ~--3h2 ~.
\x/~(2 -h2);
The interval in question is h e (1, 2/v/3), so it is easy to see that x/4 -3h 2 _< 2 -h 2, and so ~(h) > 0 throughout. 
%(h)+~x(h)~(h)+~2(h)7(h)2),
where %(h) = 25x/~x//4-3h2(1568 -2880h2 + 1818h4 -459h6 + 45ha) ~i(h) = 5(4 -h2)(3 -2h2)(1264 -1512h / + 519h 4 -63h 6) ,AT ct2(h ) = 6x//2( 4 -h2)4(3 -2h2)x/4 -3h 2
Since d~k/dh < 0 and y(h) > 0, we need only show that all cq(h) > 0 for h e [1, 2/x//3] to be able to complete the proof by quoting TL2. If we let w = 4-h 2, x = 4-3h 2,y = h 2 -1, and z = 3 -2h 2, then it is easily checked that w, x, y, z > 0, and %(h) = 25x/~(14 + 9x + 2y 2 + 69x 2 + 83xy 2 + 5x2y 2) _> O, cq(h) = 5wz(21 + 153x + 34x 2 + 3y 2 + 21xy z) > 0, 
Proof of Proposition C
Once the convexity of L(0) is known, it is intuitively clear that the sum ~ L(01 ) is minimized by having all solid angles greater than 02 be equal and eliminating all but at most one of the solid angles less than ~2. It is also clear that increasing the number of solid angles above ~2 allows each of them to be smaller, closer to the ideal solid angle ~2. The only suspense in the calculation is whether the minimal configuration will be 13 solid angles of measure 4n/13, or 13 of measure ~2 and one of 47t -13~2. Evaluation shows that the former is minimal.
Proposition C1. L(O) is convex down on (0, ~2).
Proof 
Proof. By definition []
TL2. Suppose that fl(d/) is described in the interval (a, b) in terms of the parameter t. Then fl(d/) is convex up on (a, b) if de d2~ d~b dt 2 \ dt,] -dt dt 2 dt and convex down if dfl dE~k d~k
for all t such that ~b(t)~ (a, b). Proof. The volume formula is elementary, and the solid angle formula follows quickly from the ratio formula. Consider the ball ~ of radius p about A. Let ~(x, y) be the projection from A of ~(x, y) onto the surface of ~. Let C~(x, y) be the set of all points between A and ~(x, y) (i.e., the "cone" over ~(x, y)).
Clearly, Cg(x, y) has the same solid angle at A as C~(x, y), and the difference in volumes is a third-degree infinitesimal, which can be ignored. The volume-to-solidangle ratio of ~(x, y) is the same as that of ~, i.e., pa /3. []
TL4. Let ~ be a face of a Voronoi polyhedron ~ e~ with center A. Let h be the distance from ~ to A, and suppose h <_ x/~. Then no vertex of ~t/ is closer than x~ to A and no edge of ~ is closer than 2/x/4 -h 2 to A.
Proof. By definition a vertex of f is the intersection of ~/F with three or more of its neighbors, and the centers of these polyhedra lie on a sphere centered at the vertex. The smallest sphere that contains a set of four or more points of minimum distance 2 is the sphere superscribing a regular tetrahedron of side 2. The radius of this sphere is x/~" Thus any vertex of the Voronoi polyhedron about A is at least x/~ from A. Similarly, an edge of f is the intersection of ~e" with two or more neighbors whose centers all lie in a circle with A. The radius of the circle is the distance from each of the centers to the line containing the edge. Let B be the center of the polyhedron that meets ~/f at ~. Let C be a third center on the circle. By assumption AB = 2h while AC, BC > 2. It is easy to see that the smallest circle containing such a configuration has radius 2/x/4-h 2.
TL5. Let ~,~ be a face of a Voronoi polyhedron ~e ~ with center A. At most five edges of ~ are less than x~7 from A.
Proof Let B be the center of the Voronoi polyhedron that intersects ~e" in the face J~, and let M be the midpoint of AB. Let h = MA = MB, and note that we can assume that 1 < h < x//~. Next we observe that M e ~. If not, then it is part of some other Voronoi polyhedron with center C, so MC < h. Now Let c~ be the circle containing {A, B, E~}, let Ci be its center and let R~ be its radius. By assumption, R~ < v/~ since it is the distance from A to 8~. Let c~ be the circle of radius x//~ in ~i that contains {A, B} and whose center t~ i lies on MC i. Let/~i = C~ n ME i and let E i be the projection of/~ onto MCi. Let tpi be the angle /__:Ei~E~. Let #~ = MEv This notation is shown in Fig. 3 . Define analogous notation for the subscript j.
Let l~ = ME~ and li = M/~v It is easy to see that Ii > li. Let r/= /EiMEj = L~iMff~j. The Law of Cosines says that EiE j = 12 + 12 -2lilj cos r/. Consequently it will suffice to prove that/]//~j < 2. We observe that Moreover, the ratio is given by
Proof The volume formula is elementary and the ratio formula is simple division, so we need only establish the solid-angle formula. Applying TL3 gives us
[] Proof. We can assume that the chords of the base of (g are equally spaced around the circle. Cut the base of cd into 2n identical central sectors in the following way: Consider the rays from the center M that bisect the n chords, and for each such ray construct the two rays that make an angle of measure n/n with it. The volume-to-solid-angle ratio of (d is the same as that of cones over each of these 2n central sectors. 
